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Abstract

The determination of “who isa J’ within asociety istreated as an aggregation of the
views of the members of the society regarding this question. Methods, similar to those
used in Socia Choice theory are applied to axiomatize three criteria for determining who
isal

1) aJiswhoever defines oneself to be a J.

2) aJiswhoever a“dictator” determinesisald.

3) aJiswhoever an “oligarchy” of individuals agreesisa J.
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1. Introduction

Each person belongs to collectives of various kinds, such as afamily, aguild or anation.
Some of these collectives have well-defined extensions whereas other do not. Consider,
for example, afundamental concept like “family”. One definition of that term, according
to the Oxford English Dictionary, is “the group of persons consisting of the parents and
their children, whether actually living together or not”. By this definition, a person's
family congists either of one's parents and siblings, if there are any, or of one's spouse
and descendants, if there are any. But a more problematic meaning of “family” is “those
descended or claiming descent from a common ancestor”. In this sense, the term family
depends on the views held by people about descent from a common ancestor. Under
ordinary circumstances, there is no room for a collective decision on an issue of the type
“whoisaJ. However, under certain circumstances, a decision has to be made. If the
Sikhs are to be the legal guardians of certain temples, then it should be determined in
advance “who isa Sikh?’ (McLeod 1989). Or, if the Jews naturalize in Israel under a
special “Law of Return”, then the extension of the collective of the Jews has to be
determined for the law to be enactable (Kasher, 1985).

Kasher (1990) presents the collective identity problem, as an aggregator: each of n
individualsin a society holds a view with respect to every individua, including onesdlf,
whether the latter isaJ. The collective identity of Jis determined by the individual views
of “whoisaJ’. Themethod of determining who isaJis viewed as a function which

assigns ameaning to “who isa J’ for each profile of al the individua views.

Kasher (1990) looks for an aggregation method which satisfies a principle of fairness (in
the sense of Rawls (1971)): At the starting point of a decision procedure, all given views
of “whoisaJ should be treated on a par with each other, none enjoys any privilege or
suffers from any prejudice. In Kasher (1990), such a“fair” method has been introduced
and discussed (see Section 3 for more details).

The present paper springs from Kasher (1990) and links it to the formal theory of

aggregators which has been developed mainly in economic theory (see e.g., Rubinstein
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and Fishburn (1986)). Within the latter theory, an aggregator is a function that maps
every n-tuple of elements of agiven set X into the set X itself. Intuitively speaking, such
afunction isinterpreted as being a systematic “averaging” of the “ collective perception”
of members of N of the aggregated object. The most famous sphere of problems and
theories of aggregation is that of socia choice theory (see e.g. Arrow (1963) and Sen
(1970)) which deals with methods of aggregating the preferences held by members of a

society.

The present paper applies formal results from the theory of aggregation to issues of
collective identity. We will use the axiomatic approach. A typical investigation along
the lines of the axiomatic approach involves two steps: First, a presentation of alist of
constraints (axioms) imposed on a class of aggregators and second, aformal

characterization of the set of all aggregators that satisfy those constraints.

In the sequel we present three axiomatizations characterizing three aggregators (actually
the aggregators refer to three settings which are dightly different; we will explain this
point later):

(A1) The"Liberal" aggregator: Anindividual isaJif and only if one defines oneself to
beal.

(A2) The“Dictatorship" aggregator: A pre-designated member of the given society
determineswho isaJ.

(A3) The"Oligarchical" aggregator: Two members of the given society belong to the
same group if and only if they are both considered to have the same collective identity by

all members of a pre-designated subgroup in the society.

The characterization of the Liberal aggregator is new whereas the other two

characterizations provide new interpretations for previous results.

2. “A Jiswhoever considersoneself to beaJ’

We start with the basic model. Let N={1,..,n} bethe set of individualsin agiven
society. Eachil N perceives the membersin the subset Ji N to be Js. A profileisan n-
tuple of vectors (J; ,....,J;) where Ji N. A Collective Identity Function (CIF) isa
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function which assigns to each profile (J; ,....,J,) asubset of N, J(J,....,J,). To smplify
notation we often write Jinstead of J(J; ,....,J).

We will discuss, now, several axioms which are used for our axiomatization in this
section: All the axiomsrefer to CIF's. Thefirst three axioms are close in spirit to
axioms familiar in the socia choice literature. The first, the Consensus axiom, requires
that if thereis an agreement among al individuals that a certain member isaJ (or,
aternatively, that heis not a J), then the CIF determines that this member isa J (or,
aternatively, a non-J).

Consensus (C): If jT J forali, thenji J ifji J foralli,thenjl J.

The next axiom, the Symmetry axiom, requires that the aggregator does not discriminate
between any two members of the society on any basis other than that embedded in the
profile of views. Here, we employ aweak version of this requirement: We will smple
require that if individualsj and k are symmetric in a particular profile, then the CIF either

determines both to be Js or determines both to be non-Js.

Symmetry (SYM): We will say that | and k are symmetric in a profile (J,...,J,) if

() they have the same views about all other members (3-{] k} =X-{].k}),

(i) @l other members have the same views about j and k (for all il N-{j,k}, jT J iff
ki J)

(iii)  j considers himsdlf aJif and only if k considers himself aJ (jT J iff ki J)

(iv)  j'sview of kisthe sameask’sview of j (jT J iff kI J)

Then, ji Jif and only if ki J.

The next axiom requires that if one of the individualsin the society, k, hasviewed i asa
non-J (analogoudly a J), and he changed his view in favor of i being a J (analogoudy, a
non-J), then if i has been recognized before the change to be a J (anon-J), the change in

k’s view does not exclude i from being a J (a non-J).
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Monotonicity (MON): Assumethat il JJi,...,J,). Let (J,...,.J)) beaprofileidentical to

(Ju,...,J) except that there are individuals, i and k, so that il J. and il J.’; then
it I3 ,...3). (Analogoudy, if il J(di,...,J) and if (30 ,...,J7) isidentical to (Ju,...,J),
except that thereisak, il J andil J’, thenil JJ.,...J,)).

Note that MON has been defined for a single change. The axiom does not exclude the

possibility that the changein k’s view about i will affect another player, j.

Most axiomatizations contain an axiom that determines the elements that determine
whether i isaJ. Here we require that the question whether i isaJ depends only on the
views about i (including i’s view about oneself) and the other members' identity as

members of J.

Independence (1): Consider two profiles (Jy,...,J) and (J',..., ') and let i be amember
of N. If for every ki, ki Jif and only if kI J, and for all k (i inclusive) il J. if and only
if il 37, thenil Jif and only if il J.

We now move to an axiom which does not have a clear analogy in Socia Choice Theory
and is specid to the present context of collective identity. The following Liberal
Principle states that it is impossible that no one will be determined to be a J, though there
isani who considers oneself to beaJ. Similarly, it isimpossible that everyone will be

considered a J, though there is an i who considers oneself to be a non-J.

The Liberal Principle (L): If thereisani suchthat i T J, then J(J,,...,J)t o, and if there is
ani suchthat il J, then J(Jy,...,4)t N.

The “Libera Principle” capturesa*liberal” view under some seemingly extreme
conditions: If no oneis considered to be aJ or everyoneis considered to be aJ, then a

member's view of onesdlf should be held decisive.

Notice that the axioms C, SYM and L refer to the way that the aggregator operates on a

certain profile in isolation from the way it is defined on other profiles. In contrast,
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axioms MON and | impose constraints on the way the aggregator is defined on various

profiles.

We are ready for the axiomatization of the strong liberal CIF defined by
I, h)={i| il 3}.

Theorem 1(a): The strong liberal CIF isthe only CIF that satisfies axioms C, SYM,
MON, L and |.

Proof: Obvioudly, the strong liberal CIF satisfies these five axioms. Consider an arbitrary
CIF that satisfies the five axioms. Assume that there is a profile Py in which il J but

il J(P.). By applying MON several times, we arrive at a profile P, that isidentical to Py
with the possible exception that for al ki, il Jsothatil J(P,). Denote JP;)=M. Let
P; be the profile where 3={j}for each jl ME{i} and J= o for any ji M. By C, J(Ps) does
not contain any of the members of N-M-{i}. By SYM, the aggregator classifies al
members of ME{i} identically. It isimpossible that J(Ps)=2 because this resultsin a
contradictionto L. Thus, J(Ps)=ME{i}. Finally, we get a contradiction to | because
J(P>) and J(Ps) are identical with the exception of member i, and member i is treated
equally by al members of N (including itself); nevertheless, it J(Ps) and il J(P,). By

analogous arguments, if il J, thenil J.

Next, we prove that all axioms used in theorem 1 are necessary for the characterization

of the aggregator.

Theorem 1(b): The strong liberal CIF is not the only CIF that satisfies some but not all of
theaxioms C, SYM, MON, L and |.

Proof: The proof consists of 5 examples, each satisfies four of the five axioms but not
the fifth.
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(1) Let nbean odd number. Consider the aggregator defined by J(J,...,J)={ilil 3} if
the cardinality of {ifil 3} isodd and JJ,,...,3)= {i]il 3} otherwise. This aggregator does
not satisfy C (member 3 isnot aJfor the profile where J={ 1,2} for al i, athough no one
considers 3 aJ). All other axioms are satisfied; following are some hints to verify this.
Of course, SYM issatisfied by J. L issatisfied because if J(J,,...,J))=N, then it must be
that il Jfor ali. MON is satisfied becauseif il J(J,,...,J,), then any change of somek’s
view about i does not change i’s status, and if il 3 and il J;, then the cardinality of

{iiT 3} must be even and the cardinality of {i[il J;}isodd; thusil JJ’,....J). 1 is
satisfied because for any two profiles, (Ji,...,J,) and (J'1,...,J n), which have the same set
of Js (other than i), and the same view of i on itself, the cardinality of {ifil 3} isthe same
asof {ifil J;} andthusil JJy,...,J) iff il (T 1,....T1).

(2) Consider the aggregator which assignsto J(J,,...,J,) any i for whichil J with the
exception of member 1, who will be considered to be aJif (i) heisthe only i for whom
il J or (ii) heis considered to be aJ by al members of N. This aggregator satisfies all
axioms but SYM. To verify that it satisfies |, note that for al it 1, i being a J depends
only in hisview on himsdlf. Asfor member 1, being a J depends on how many other

members are Js and how the whole group views member 1.

(3) Consider J={i| J={i}}, that is, aJis anyone who considers only oneself to be a J.
This aggregator satisfies al axioms but MON.

(4) Congder the aggregator which classifies amember to bea Jif and only if al members

of N agreesthat member isaJ. This aggregator satisfies all axioms but L.

(5) Let J(0) bethe set of dl individuals for which there is a consensus that they are Js
(possibly an empty set). Expand the set inductively by adding, at the t-th stage, those
members of N who consider themselves as Js and for whom there is a consensus among
J(t-1) that they are Js. This procedure satisfies al axioms but does not satisfy |, as can
be seen by considering the following two profiles. Let P, be the profile J,={1,2,3},
J%={1,2}, and k={1}; for P, the procedure determines all membersof Ntobe Js
(J(D={1} and =J2)=N). Let P, bethe profile 3={1,2,3}, 1={1,2, and 1={1,2}.
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Now, the procedure starts and ends with J=J(1)=32)={1,2}. Although members 1 and
2 are determined in the two profiles to be Js and although the attitude to member 3 is
unchanged in the two profiles, 31 J(P.) but 31 J(P,). Thus, | isnot satisfied.

3. A discussion of Kasher’s method

The result of the last section sheds light on the aggregation method suggested in Kasher
(1993). Kasher (1993) suggests arecursive procedure: Start by J(0), the set of all
members of the given society for whom there is an absolute consensus within the society
that they are Js. Add to J(0) all members that at least one member of J(0) considers a J.
Cdll the new set J(1) and continue inductively until you cannot expand the set any
further. Formally, J(t)=J(t-1)E{kl J for someil J(t-1)} and let J=J(t)=J(t+1).

Kasher’'s method satisfies all the axioms which we employed in the previous section with
the exception of L! Thisaxiom is not adopted by Kasher for he attempts to derive an
aggregation method from pure considerations of fairness and he does not consider L as
derivable from fairness considerations only. For some questions of collective identity
(like political collectives) it seems that fairness requires application of some self-
determination principle, but on other occasions (like professional collectives) fairness

does not require adherence to that liberal principle.

Note that Kasher’'s method treats asymmetrically “being aJ’ and “being anon-J'. In
contrast, the axioms in the previous section treats “being a J’ and “being a non-J’

symmetricaly.

The axiomatization of Kasher’s method remains to be completed. Note that the
difficulty in finding a suitable axiomatization is due to the difficulty of justifying why the
recursive process starts with the set {i| il J for all j} and not with another set, such as

{ifiT 3}, for example.
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5. Thedictatorship

In this section we use results from aggregation theory in order to axiomatize a
dictatorship method: A Jiswhoever i* (the dictator) perceivesto be aJ(that is, thereis
i* sothat jT Jif jT J..).

The axiomatization will be carried out by using a dightly modified version of the notion
of the Collective Identity Function. In this section, we assume that there is a consensus
in the society that the set of Jsis a proper subset of N; that is, all agree that there is
someone who isaJand someonewho isanon-J. A CIF* isafunction which assignsa

proper subset of N to every profile of proper subsets of N.

The axiomatization employs two axioms, C, which is familiar from the previous section,
and amore stringent version of the independence axiom, 1*. By this axiom, whether i is
a Jor not depends only on how the individuals view i, independently of how the other

members are viewed.

Independence (1*): Consider two profiles, (4,...,J,) and (J/,...,.J), satisfying that for al
k,il Jif andonly if il J’. Thenil JJ....,J) if and only if iT J(J,....J.).

The following theorem (taken from Rubinstein and Fishburn (1986)) isrelated to
Arrow’s celebrated impossibility theorem:

Theorem 2: The only CIF*sthat satisfy C and |* are the dictatorships.

To get some intuitive grasp of the result, consider the following aggregators:

(1) The majority rule aggregator determinesi to be aJif amaority of individuals
consider i tobeaJ. Thisaggregator isnot a CIF* because it may assign to a profile of
views a non-proper subset of N. For example, consider the profile, J,={ 1,2}, 1={ 1,3},

and %={2,3}. By the mgjority rule aggregator, J={1,2,3}.




r GHC EAV)

(2) An aggregator which assigns the same proper subset of N to al profiles does not, of
course, satisfy C though it does satisfy [*.

(3) Given aprofile (4,...,J,), denote by N(i) the number of Jswho consider i to bea J.
Let W={i| N(i)3 N(j) for dl j} be the set of “most popular Js’. If W=N, define J=J*
where J* isafixed proper subset of N. If Wt N, define JEW. For al i, the cardindlity of
J isdtrictly between 0 and n. Thus, amember i with N(i)=0 cannot bein W, and a
member i with N(i)=n is necessarily in W. Thusthe CIF* satisfies C. On the other hand,
clearly, the aggregator does not satisfy I*.

6. Oligarchy

In this section the question “who isa J’ is considered as part of atask partitioning all
members of the society into an unlimited number of classes (and not only to Js and
non-Js). Each individua in the society has aview about the partition of N and an
aggregator is required to determine the partition of N as a function of the individuals

views.

Formally, each individudl, iT N, specifies an equivalence relation on N, ~;, with the
interpretation that if i considers and k to be equivalent (j~k), then he viewsj and k as
belonging to the same class. A CIF** isafunction which assigns to each profile of
equivaence relations (~,...,~n), an equivaence relation ~(~1,...,~,). To samplify

notation, we will sometime refer to ~(~,...,~n) as~.

Note that in this formalization, the classes in the partition induced from ~; do not have
names. That is, the model does not distinguish between the case that i classifies 1 and 2
to be Js and the rest of the society to be non-Js, and the case in which individual i

considers 1 and 2 to be the only non-Js.

Once again we will employ a consensus axiom:

C** (consensus) : If al individuals consider j and k to be in the same equivalence class

(for al i, j~k), then the aggregator classifiesi and j in the same class (i~)).
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Note that according to C** , the fact that there is a consensus that i and j are in the same
class, does not mean that all agree on the name of that identity. It might be that some
members think that j and k are Js while some other members think that they are both

actually fake Js. Yet, an aggregator satisfying C** must classify j and k in the same
group.

The independence axiom, which we employ here, requires that the question whether |
and k are in the same class will be determined by the members' opinions about whether |

and k are in the same class independently of their views on other couples of individuals.

I** (independence): Consider two profiles of equivalence rdations, (~,...,~n) and
(~1',...,~n), inwhich for every i, j, and k, i~ if and only if i~j. Then i~(~,...,~)j if and

only if, i~(~,....~)j.

The following theorem, proved in Berthelemy, Leclerc and Monjardet (1986) (see also
Fishburn and Rubinstein (1986)), characterizes the oligarchical aggregators. An
oligarchical CIF** is one for which there is a non-empty subset of individuals M so that
i~(~1,...,~n)j if only if i~ for al kI M.

Theorem 3: The only CIF**sthat satisfy C** and 1** are oligarchical.

In order to get some intuitive grasp of the result, consider the following aggregators:

(1) The aggregator which determinesi and j to be equivaent if and only if amgority of
individuals consider them to be equivalent, does not necessarily define an equivalence
relation. For example, consider the profile P, where individua 1 percelves al members
to be in the same group, 2’ s partition of society is{{1,2},{3}}, and individual 3's
partitionis{{1} ,{2,3}}. By the mgority rule, 1~2 and 2~3 but not 1~3.

(2) The aggregator which determines every i and j to be equivalent, independently of the

profile of individuals opinions, satisfies I* but, of course, does not satisfy C**.
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(3) The trangitive closure of the mgjority aggregator satisfies C** but does not satisfy
I**. To seethis note that when applied to the profile P, (the profile used in (1)), 1~3.
On the other hand, when applied to the profile P, (where 1's partition is{{1,2,3}} and
individuals 2 and 3 partition N into {{1} {2} {3} }), the aggregator determines that 1+3
although al individuals have the same opinion in P; and P, regarding members 1 and 3 as

being in the same class.

7. Conclusion

In this paper we presented the collective identity problem as an aggregation problem
using methods taken from social choice theory. Admittedly, one of our motivationsin
working on the project was the fascination with the connection between a non-formal

problem like collective identity and forma models like those of socia choice theory.

Let us stress the point that the discussion here is not meant to express our views about
the question “who isa J?’ in any of its concrete real-life versions. Our analysis hereis,
of course, apurely logical exercise. Arrow’simpossibility theorem does not support
dictatorship and, by analogy, Proposition 1 in this paper does not necessarily support the
view that a Jis whoever defines oneself to beaJ. If anyone does not approve of that
criterion in a concrete context, he has now atool to examine his intuition by pointing out

an axiom which he does not agree with.
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