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Question 3

Note that in any equilibrium since the payoff function is linear ¢; satisfies for all i:

0 ifuyi<V
(*) ti=< [0,1] ifv;=V
1 u>V

Since v; is monotonically increasing, it follows that if ¢; > 0 then thent; = 1forall j >iandt; =0
for all j < i.
(a)

e For the case where N = 10 and »; = i the following is an equilibrium: ¢; = 0 for i < 5. t; = 1 for

i>5and V = ::25 15 = 4.5 . This is an equilibrium. According to (#) t; optimal for all i and

. N v
V=5 'I!JN.L‘

e For the case where N = 3 and v; = 1. v» = 2 and v3 = 5 the following is an equilibrium: t; = 0,

ta =053 =11 = 25850 — 9 Again, according to (+) t; optimal for all i and V" = Ei’__, Lo

For both cases the equilibrium is unique. since for every 1" > 17, Z:\;I 5:% < Z"\;I L& implying
that V/ # SN | ¥ (likewise for 1/ < V).

(b) Proof of existence of an equilibrium in the general case:

Let N =1. then t; = 1 and V" = v; is an equilibrium.

Let N > 1. Define g(i) = Zﬁ__, % and v(i) = v; for i = 1..... N. (g(i) is the average product per
person when only j = i work). Notice that g(i) is strictly decreasing and v(i) is strictly increasing in i,
furthermore g(1) > v(1) and g(N) > v(N). So there must exist an i* such that g(i* + 1) < v(i* + 1) and

gl(i*) > v(i*). There are two possible cases: g(i*) > g(i* + 1) = v(i*) and g(i*) > v(i*) > g(i* + 1).

e For g(i*) > g(i* +1) > v(i*) : let V = Zj\;.-ﬂ X% =g(i*+1).t;=1forall j >i*+1landt; =0
for all j < i* + 1. This is an equilibrium since for all j = i* + 1 V =g(i* + 1) < v(i* 4+ 1) < v(j)
thus t; = 1 is optimal and for all j < i* +1 g(i* +1) = v(i*) = v(j) thus t; = 0 is optimal. Finally

" N N
V= Zj:i'-i-'l v‘;& = 2.i=1 L}\.L‘

e For g(i*) > v(i*) > g(i* 4+ 1) : In this case i* separates the market into those who do not work (j < i*)

Y a - N * Uy
Tt — v Let 1V =3 B+ =

and the rest who work by choosing t* such that =¥ Qjmic1 N

2oj=ic4l
vie, t; = 1forall j = i* 4+ 1, t;- = t*and t; = 0 for all j < i*.This is an equilibrium since for all
j=zi"+ 1LV =v. <v; thus t; = 1 is optimal, for j = i* V" = v;. thus t;- = ¢* and for all j < "

7 3 — i & 3 . 7 N v v N tuw
V' = > v; thus ¢; = 0 is optimal. Finally, V=3 .. ., 5 + 5= "%
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a. Show a necessary condition for the existence of a market equilibrium and explain why such
an equilibrium usually does not exist.

Solution:

In equilibrium, each man chooses the woman he prefers the most from those whose value is not
greater than his own. This implies that in any match, the woman’s value is smaller or equal to
the man’s. Similarly. since each woman chooses the man she prefers the most from those whose
value is not greater than her own. in any match the man’s value is smaller or equal to the woman’s.
Therefore, the values of the man and the woman are the same in every match.

Focus on the couple with the highest value (if there is more than one, choose one of them).
The man in this couple has a value which is equal to that of the woman with the highest value
and therefore the man’'s value is equal to. or higher than. the value of all the women in the set.
This man could have chosen any partner. Therefore, since he chose this specific woman, one can
conclude that she is the first one in his ordering. Similarly, the man in this couple is the first in the
woman's ordering.

Hence, if an equilibrium exists, then there is at least one couple in which each person prefers
his partner to any other. Since such a couple does not necessarily exist, there is usually no such
equilibrium.

Assume that because of this market failure. we allow the use of force. The stronger sex (assume
the men, just for simplicity) is ordered in a "strength" relation. A Strength Equilibrium is a
matching between the men and the women such that there are no two couples, M; matched to Fy.
and M5 matched to Fs. such that:

1. M, is stronger than Ms.

2. M, prefers Fs to Fy.

3. Fy prefers M, to Ms

b. Explain why for each preference profile there exists a Strength Equilibrium,

Solution:

We will use the algorithm for a Jungle Equilibrium presented in class. Order the men from
strongest to weakest. In turn, each man chooses his preferred woman from those who haven’t been
chosen yet. Clearly, there's no M; stronger than M, who prefers F5 to Fy (since My chose F even
though he could have chosen Fs).

Therefore, conditions 1 and 2 cannot hold simultanecusly and therefore this is a Strength Equi-
librium.

c. Show that there is a preference profile for which at least two strength equilibria exist.

Solution:

Assume that all the women have the same preference relation: the weaker the better. In this
case, any matching is a strength equilibrium since conditions 1 and 3 never hold for the same

couple: if a man, M, prefers a woman, F5, who is matched to a man weaker than him, M», then
this woman will not prefer him to the man she is already matched to.



a. Define an appropriate equilibrium concept for this economy.

Demonstrate this equilibrium in an Edgeworth box (that is, in an economy
with two agents).

Solution:

Let e be the initial allocation - ¢’ is the bundle held by agent i. For some agents
e’ = (e{.0) and for the others ¢’ = (0.¢5).

Let -’ denote agent i's preferences.

An equilibrium is a pair ((a). (px)) where:

a is a pair of bundles - agent i's bundle is ¢’ = (a}.ab).

p = (p1.p2) is the price vector of the two commodities.

such that:

1.ais feasible: Y a' =) ',

2. If e’ = (€1,0) then @} = minx; s.t.(x1.x2) = e'and p - e’ > p « (x1,x2).
If e = (0.€}) then g} = minx; s.t.(x,x2) = efand p «e’ > p « (x1,x2).

b. Show (graphically) that in a world with two agents, who initially hold two
different commodities, such an equilibrium always exists.

Solution:

Assume WOLG that agent 1 holds only commodity 1 and agent 2 holds only
commodity 2. Consider the following 3 cases:

1. The indifference curves through the initial bundle cross again in the box. In this
case, the equilibrium allocation is the second crossing, and the price vector is such
that the budget line passes through the two crossing points.

Xy Agent 2

Agent |

2. The indifference curves through the initial bundle do not cross again in the box
and at the initial bundle the slope of agent 1 curve is higher than agent 2’s.

Any prices such that the budget line does not cross the curves is an equilibrium,
and the final allocation is identical to the initial one.



X

Agent |

3. The indifference curves through the initial bundle do not cross again in the
box,.and at the initial bundle the slope of agent 1 curve is lower than agent 2’s.

If agent 2's (1's) curve crosses commodity 1 (2) axis, the equilibrium allocation is
this crossing. The prices are set such that the budget line connects the initial and
final allocations.

X Agent 2

Agent 1 .
Xy

Otherwise, it is the bundle opposite to the initial one. The prices are set such that
the budget line connects the initial and final allocations.

X, Agent 2

¥

Apgent 1
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Problem 2.

1) (Just a warm-up) Give an example within the model of an "economy with houses" where the
agents have strict preferences and there is a Pareto inefficient allocation for which there is no
possibility for a pair of agents to conduct a mutually beneficial trade.

Answer:

Consider the model with three houses {x;,x;,x;} and three agents with the preference relations:
X1 -1 X2 =1 X3, X2 =2 X3 =2 a1 and X3 =3 xy =3 x2. The allocation a(i) = xi.; 1s not Pareto

effiicient but there is no pair of agents who can conduct a mutually beneficial trade.

2) (The main part of the question): Show that such an example is impossible in the houses
economy if houses are ordered on a line and all preferences are single-peaked.

Answer:

Let (> )i=1..v be a profile of single peaked preferences, and assume that the allocation a(i) is
inefficient. We need to show that there is at least one pair of agents that can benefit from exchanging
the houses between themselves.

Without loss of generality, assume the houses are ordered such that a(i) < a(i + 1) for all 7. Let b(7)
be a Pareto improvement allocation.

Let & be the first agent that obtains a lower house in the Pareto improvement. That is, the lowest i
such that b(i) < a(i). Clearly, k > 1.

Consider the agents lower than & who change house in the Pareto omprovment (there must be such).
All of them must move "up". Let / be the highest agent from among those. Clearly, b(/) = a(k) and
a(l) = b(k). Thus, by the single peakness a(/) = a(k) and a(k) >; a(/) and k and 7 have a mutually

beneficial trade.
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Problem 3

Consider the housing model we talked about in class (where the number of
houses is equal to the number of individuals).

a. We will say that an allocation a = (a()),-; is an equilibrium if there are
"choice sets” (5(i));=s such that:

(i) a(i) is the i-best in S(7)

(ii) for any two agents i and ; either S(i) < S(j) or S(j) < S(i).

Show that ¢ is an equilibrium if and only if ¢ is Pareto efficient.

Answer:

Let a be an equilibrium according to the above definition. By (ii), we can order the
agents such that S(1) < S(2) c...c S(n).

Consider a feasible allocation 4 such that 4(i) =; a(i) for all i € [ for at least one
agent j, such that 5(j) =, a(j).

Let i* be the highest i € I such that 5(i) = a(i). It must be that 5(i*) »-,- a(i*) and
that 4(i*) = a(j) for some j < i*. However, a(j) € S(j) < S(i*), which contradicts a(i*)
being the i-best in S(i*).

Let a be a Pareto-efficient allocation. Construct the sets S(i) by the following steps:

Step 1:

There is at least one agent such that a(i) >, a(j) for all j = i: otherwise we obtain a
contradiction to « being efficient (see problem 1in B - 1).

Denote this agent by 1.

Define S(1) = U a(f). Clearly, a(1) is the 1-best in S(1)

Repeat this procedure with the remaining agents:

At step /, there is at least one agentin 7\ {1,.... [ — 1} such that a(i) ~; a(y) for all
jel\{l,..., 1-1,i}.

Denote this agent by /.

Define S(/) = U\ 1.1, a(f). Clearly, a(/) is the /-best in S(/)

Lastly, note that by construction, for any two agents 7 and j, either S(i) < S(j) or
S() = S@).

b. We will say that an allocation a = (a(i)).; is a 2-equilibrium if there are
"choice sets" (5(7)).=; such that

(i) a(i) is the i-best in S(i); and

(ii) S(/) contains two elements.

Show that unless one of the alternatives is the worst according to all
preferences, then a 2-efficient equilibrium always exists.

Answer:

Claim: If none of the alternatives is the worst according to all agents’ preferences,



then there is an allocation such that no agent receives his worst alternative.

Proof: Let a be an allocation with the minimal number of agents who receive their
worst alternative. Assume, for the purpose of contradiction, that this number is positive
and let i be an agent who receives his worst alternative. Since no alternative is worst
according to all agents, there is an individual ; who does not consider a(i) to be the
worst alternative.

Let & be an allocation such that 5(i) = a(f), b(j) = a(i), and b(h) = a(h) for all h = i,j.
The number of individuals who receive their worst alternative in 4 is smaller than in a,
in contradiction to @ having the minimal number of agents who receive their worst
alternative.

Now, let @ be an allocation in which no agent receives his worst alternative. For
each agent, i, define S, to be a set containing a(i) and i's worst alternative. Clearly,
a(i) is best according to i in §..



