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Problem 1. Based on de Crippel (2011)

Consider a decison maker (DM) who has in mind two orderings on a finite set X. The first
ordering, >_ , expresses his long-term goals, and the second, >s, expresses his short-term
goals.

When choosing from a set A < X the DM chooses the best alternative according to his
long-term preferences, unless there are "too many" alternatives that are better than this
alternative according his short-term preferences. More precisely, given a choice problem
A < X, he excludes all alternatives which are not among the k best alternativesin A according
to his short-term preferences, and out of the remaining he chooses the best one according to
L .

1) Show that the above description always defines a choice function.

Answer:

For anyA < X, let CS(A) (the consideration set from) be the set of the bedt alternatives
according to-s in A (if |A] < klet CS(A) = A). Clearly,CS(A) is not empty. The above procedure is
equivalent to choosing the best alternative fr@8(A) according to>_ , which is always well
defined.

2) Show that it may be that the same alter native is chosen from both A and B, but is not chosen

fromAUBnor fromANB

Answer:

Consider the following example: X = {a,b,c,d};, A= {ab,c;, B={abd}y, k=2,

a> b> c> dandd>sc>sb>sa

CS(A) = {b,c} andCS(B) = {b,d}. Thus,C(A) = bandC(B) = b.

However, CSANB)=CS(<ab}) =<{ab; and thus, C(ANB)=a.  Furthermore,
CS(AUB) = CX) = {c,d} and thusC(AUB) = c.

3) Conclude that thistype of behavior conflictswith the rational man paradigm.

Answer:

Obviously, if the rational agent maximizes a preferencatieh, then ifa is the maximizer in botiA
andB it is also the maximizer i\ U B andA N B.



Let N be a set of individuals who behave according to the above procedure with k = 2. All
individuals shar e the same long-term goals but may differ in their short-term goals.

Consider a situation in which the N individuals must choose together only one alter native from
the set X and that for each alternative x € X, there is one individual r(x) who has the right to
force x. An equilibrium is an alternative y such that no individual wantsto exercise hisright to
force one of the alternatives that he can force. That is, for any agent i, the alternativesy is the
one chosen by the agent from the set {y} U {X|[r(x) = i}.

4) Show that if there are more alternatives than individuals then it is possible to assign the
"forcing rights' such that whatever are the individuals short-term goals and whatever are the
common long-term goals, the only equilibrium is the top > alternative. Explain why thisis
not necessarily correct if the number of alternativesislarger than the number of individuals.
Answer:

If there are more individuals than alternatives, we cangasshe rights such that at most one
exclusive alternative is assigned to each individual.

Now, in a particular world (configuration of common long asttbrt term preferences) Igt be the
top>-. alternative.

First note thaty* is an equilibrium: for any agentthere is at most one other alternatisuch that
r(y) = i. Agenti can choose only frordy,y*}, which are both in his consideration set, and thus he
choosey*.

Consider any othey + y*. This alternative is not an equilibrium since agert r(y*) faces a choice
from {y,y*}, and, choosing according tq , he forceg/*.

As to the last part of the question: consider a world Witk {X,y,z and two individuals. It must be
that two alternatives, let us sayandy, are assigned to one of the individuals, let us say 1. For the
configurationy > z>_ xandz >s X >is Yy for bothi we get thatz is an equilibrium becasue 1 can
choose fronX and he chooses



Problem 2.

1) (Just a warm-up) Give an example within the model of an "economy with houses' where the
agents have strict preferences and there is a Pareto inefficient allocation for which thereisno
possibility for a pair of agentsto conduct a mutually beneficial trade.

Answer:

Consider the model with three housés;,x2,x3} and three agents with the preference relations:
X1 >1 X2 >1 X3, X2 >2 X3 >2 X1 and X3 >3 X3 >3 X2. The allocationa(i) = xj;1 is not Pareto

effiicient but there is no pair of agents who can conduct auallit beneficial trade.

2) (The main part of the question): Show that such an example is impossible in the houses
economy if housesare ordered on aline and all preferences ar e single-peaked.

Answer:

Let (>i )i-1,.n be a profile of single peaked preferences, and assume thaalkbcationa(i) is
inefficient. We need to show that there is at least one paagehts that can benefit from exchanging
the houses between themselves.

Without loss of generality, assume the houses are ordeddthata(i) < a(i + 1) for all i. Let b(i)

be a Pareto improvement allocation.

Let k be the first agent that obtains a lower house in the Paretoovement. That is, the lowest
such thab(i) < a(i). Clearly,k > 1.

Consider the agents lower th&anwho change house in the Pareto omprovment (there must bg such
All of them must move "up”. Let be the highest agent from among those. Cleda(l), > a(k) and
a(l) > b(k). Thus, by the single peaknead) >« a(k) anda(k) > a(l) andk andl have a mutually
beneficial trade.



Problem 3

A decision maker hasin mind a function CE, with the interpretation that for every lottery p,
CE(p) isthe certainly equivalence of p. Following are two proceduresfor deriving the function.
Procedure 1. The decision maker has in mind an increasing vNM utility function u and his
answer satisfies Eu(p) = u(CE(p)).

Procedure 2: The decisson maker has in mind two increasing, continuous and concave
functions g (for gains) and | (for losses) which satisfy g(0) = 1(0) = 0.

CE(p) is a number x which equalizes the expected "loss' with the expected "gain”, that is
satisfies 3 pWIx-y) = 35 Py~ X).

1) Explain why pD1qimplies under the two proceduresthat CE(p) > CE(Q).

Answer:

Procedure 1: IfpD1q then for any utility functionu it holds that Eu(p) > Eu(q). Therefore,
u(CE(p)) > u(CE(q)), and by the monotonicity af, CE(p) > CE(Q).

Procedure 2: Lex* = CE(p), that is,zy>x p(Y)g(y — x*) — Zy<x pI(x* —y) = 0.

Given thisx*, define an increasing vVNM utility functioa(y) = 9ty —x") I_f y=x .

—l(x*—y)ify < x*
If pD1g we can conclude thd&u(p) > Eu(q). Moreover, becausku(p) = 0 thenEu(q) < 0, which
implies > a9y —x*) -2 dWI(x* —y) < 0. Given g, the  expression

ZWX qiy)gly — x) — 2y<x g(y)l(x —y) is decreasing ix, thereforeCE(q) < x*.

2) Explain why thefirst procedur e allows behavior which isnot possible under procedure 2.
Answer:

Let p be a lottery and lep+ k be a lottery in which all prizes are increased kyFormally,
p(x) = (p+k)(x+ k) for any x in the support ofp). Clearly, in procedure 2, ik = CE(p) then
x+ k = CE(p + k). This is not necessarily the case for the first procedure.

For example, letu(x) = /X and let p be lottery yielding O and 1 with equal probabilities.
Eu(p) = $40 + /1 = 1. Therefore,/CE(p) = %, or CE(p) = <.

Now, consider the lottery vyielding 1 and 2 with equal proliabs.
Eu(p+1) = $4/1 + 1,2 = 1.207. Therefore /CE(p) = 1.207, orCE(p) = 1.46+ 1.25

3) (For thinking at home) Can any individual who operates by Procedure 2 be described as



working through procedure 1?

Answer:

Not necessarily.

Assumd(x) = 2xandg(x) = x. That is, the losses are twice more significant than thesgain

Let p be a lottery yieldingt% and 1 with equal probabilities. By procedureCE(p) = 0.

Let g be a lottery yielding 0 and 3 with equal probabilities. By gedure 2CE(q) = 1.

Assume there is a utility function(x) such that yields the sanféE for these two lotteries when
using procedure 1. That is:

By lotteryp, 2u(-+) + 5 u(1) = u(0), and by lotteryg, +u(0) + 2u(3) = u().

Substitutingu(1) we get1u(—3) + +u(0) + +u(3) = u(0), which implies that 0 is the certainly
equivalent of the lottery = 2[-2] @ +[0] & +[3].

However, by procedure 2 we <can see that O is not thHeE(r) since
2o WIO-y) =525+ 5 -1.3=3 ;r()gy-0).



